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. INTRODUCTION . . . .
In this paper, we look into superb essential options of the

Diophantine equation x* — (a?b? + b)y? — (4c + 2)x +
4(a*b* + b)y — 4(a®*b* + b — c¢* — c¢) = 0 which

is modified into a Pell’s equation and is solved with the aid
of Generalized Biperiodic Fibonacci and lucas sequence.

A Diophantine equation is a polynomial equation
P(xy, %5, ...,Xy,) = 0 where the polynomial P has integral
coefficients and one is involved in options for which all the
unknowns take integer values. For example, x? + y? = z?
and x =3, y =4, z=15 is one of its infinitely many solutions.
Another instanceis x + y = land all its options are
given with the aid ofx =ty =1—tthe placet
passes through all  integers. A third instance is ~ x? +

Il. THE DIOPHANTINE EQUATION

x% — (a?b? + b)y? — (4c + 2)x + 4(a’b* + b)y

4y = 3. This Diophantine equation has no —4(@P?+b—c2—c)=0

3

solutions, though be aware that x =0y = " is

an answer with rational values for the unknowns. Diophantine Consider the Diophantine Equation

equat%ons are wealthy in Varle.ty. Two — variable Diophantine E: x% — (a?b? + b)y? — (4c + 2)x + 4(a?b? + b)y —
equ.atlon have peen a situation to large research, .and 422 +b—c*—c)=0 1)

their concept constitutes one of the most beautiful, .
most complex section of mathematics, to be solved over Z. It 15 nO
which although nonetheless maintains some of its secrets and longer effortless to remedy and locate the nature
techniques for the subsequent generation of researchers. and homes of  the options of (1). So we apply a linear

transformation T to ) to switch to aless
complicated structure for which we can decide the integral
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P Let T = { _ be the transformation for some h, k €
10, 2022. y=v+k

Z. In this case h, k is called the base of T and is denoted by
T[h; k] = {h, k}. Applying T to E, we get

T(E) = E: (u+ h)? — (a?b? + b)(v + k)?
— (4c+2)(u + h) + 4(a*b* + b)(v
+k)—4@@b>*+b—c*-c)=0
I
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equating the coefficients of u and v to zero, we geth = 2c¢ +
landk = 2. Henceforx = u + 2c + landy = v +
2, we have the Diophantine equation

P:u?— (a®*b*+b)v? =1

2
which is a Pell equation.

The following Corollaries are used to conclude our main

theorems.

Corollary 2.1 Let x; + y;+/D be the fundamental solution to
the equation x2 — Dy? = 1. Then all positive integer
solutions to the equation x2 — Cy? = 1 are given by

X +¥,VD = (x, + y,VD)"
withn > 1.
Corollary 2.3 Let D = a?b? + b. Then the continued
fraction expansion of /D, are given by

VD = {[abW] ift>1

[a.2a] ift=1
Corollary 2.4 Let D = a?bh? + b. Then the fundamental
solution of the equation x2 — Dy? = 1 is given by
x; + y,VD = (2a®b + 1) + 2aVD

Proof.

The period length of the continued fraction expansion of
va?b? + b is 2, by Corollary 2.3. therefore, the fundamental

solution of the equation x> — Dy? = 1 is p; + q,V/C. Since

=ab+ 2a b+1

p , the proof follows.
1

1. Main Theorems

Theorem 3.1 Let a, b > 0 and D = a?b? + b. Then all
positive solutions of the equation

u? — Dv? = 1 are given by

(u,v) =

2217. 1 1 22 -
In] -

( (@b)M gz (a,b,5-, 1),

withn > 1.

1o (00,5

Proof.

By Corollary 2.1, Corollary 2.2, and 2.4, all positive integer
solutions of the equation u? — Cv? = 1 are given by

U, + v, VD = ((Zazb +1)+ ZaN/E)n
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with n>1. Let a; = (2a?bh+1)+2aVD andp; =

(2a®b + 1) — 2aV/D. Then,
U, + v,VD = ;" and u,, — v,VD = B;"

Thus, it follows that

a" + ﬁln d a," — ,Bln

U, =—— andv, = ———

n 2 n 2\/5
Let
ab +Va?b? + 4abc ab —Va?b? + 4abc
a= > and f = >

Take ¢ = i, we get
4a

ab ++Va?b2+b ab —Va?b2+b
e=— —adf=—7——

Thus, 4a?=b[(2a%b+ 1) +2aVa?b?+b|=a, and
4% = b[(2a®b + 1) — 2ava?b? + b| = B,

Therefore, we get,

n

(4%) +(2) ons

Up = > i (@®" + B*™)
2n—-1
= @)z (a,h,52,1) by @)
and
4a?\"  (4B%\"
(T) - <T) 2211—1 a,Zn _ ,an
v, = =
" 2va?b? +b b a-p
2n—1 1
=S @(aby) by
Thus, (u,v) =

(22"‘1ml"1q2n (1, m,ﬁ, 1) 2 imlnl g (1, m, ﬁ))

Corollary 3.1. The base of the transformation T =
{x =u+h
y=v+k

of (2) that is, T[h; k] = {h, k} = {ul,v1}.

is the fundamental solution

Proof.

We proved that (u;, v;) = (2a?b+1,2a) is the
fundamental solution of (2). Also we showed that h = 2¢ +
1 and k = 2. Hence the result is clear.

We see that (1) could be transformed into (2) using the
x=u+h

transformation T = {y —v+k
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Alsoweshowed thatx = u + 2¢c + landy = v + 2.So
we can retransfer all results

from (2) to (1) by using the inverse of the transformation T =

{; z z i Z we can give the following main theorem.
Theorem 3.2. Let (1) be the Diophantine equation. Then we
give the following:

1. The fundamental solution of (2) is (x;,y,) = (2a%b +
2c + 2,2a+2).

2. For the sequence {(x,, V) }ns1 = {(uy, + 2¢ + 1, v, + 2)}
where {u,, v,,} is the solution of (2). (x,, ;) is a solution of
(1). So (1) has infinitely many integer solutions.

lll. CONCLUSION

Diophantine equations are prosperous in variety. There is no
ordinary approach to for discovering all viable options for
Diophantine equations. The approach appears to be easy
however it is very hard for attaining the solutions.
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