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Abstract: Using the theory of Pellian equations, we show that the Diophantine equations  
E: 𝑥𝑥2 − (𝑎𝑎2𝑏𝑏2 + 𝑏𝑏)𝑦𝑦2 − (4𝑐𝑐 + 2)𝑥𝑥 + 4(𝑎𝑎2𝑏𝑏2 + 𝑏𝑏)𝑦𝑦 − 4(𝑎𝑎2𝑏𝑏2 + 𝑏𝑏 − 𝑐𝑐2 − 𝑐𝑐) = 0 have infinitely many nontrivial integer solutions 
(x, y) by using Generalized Biperiodic Fibonacci and lucas sequence. We also derive some recurrence relations on the integer 
solutions (x, y) of E. AMS Subject Classification: 11D09. 
Key Words: —Diophantine equation, Pell equation, linear transformation, continued fraction, Generalized Biperiodic Fibonacci and Lucas 
sequence. 

I. INTRODUCTION 

A Diophantine equation is a polynomial equation 
𝑃𝑃(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛) = 0 where the polynomial 𝑃𝑃 has integral 
coefficients and one is involved in options for which all the 
unknowns take integer values. For example, 𝑥𝑥2 + 𝑦𝑦2  =  𝑧𝑧2 
and 𝑥𝑥 = 3, 𝑦𝑦 = 4, 𝑧𝑧 = 5 is one of its infinitely many solutions. 
Another instance is 𝑥𝑥 +  𝑦𝑦 =  1 and all its options are 
given with the aid of 𝑥𝑥 =  𝑡𝑡,𝑦𝑦 = 1 − 𝑡𝑡 the place 𝑡𝑡 
passes through all integers. A third instance is 𝑥𝑥2 +
 4𝑦𝑦 =  3. This Diophantine equation has no 
solutions, though be aware that 𝑥𝑥 =  0,𝑦𝑦 = 3

4
 is 

an answer with rational values for the unknowns. Diophantine 
equations are wealthy in variety. Two – variable Diophantine 
equation have been a situation to large research, and 
their concept constitutes one of the most beautiful, 
most complex section of mathematics, 
which although nonetheless maintains some of its secrets and 
techniques for the subsequent generation of researchers. 

 

 

 

 

 

 

 

 

In this paper, we look into superb essential options of the 
Diophantine equation 𝒙𝒙𝟐𝟐 − (𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)𝒚𝒚𝟐𝟐 − (𝟒𝟒𝟒𝟒 + 𝟐𝟐)𝒙𝒙 +
𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)𝒚𝒚 − 𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃 − 𝟒𝟒𝟐𝟐 − 𝟒𝟒) = 𝟎𝟎   which 
is modified into a Pell’s equation and is solved with the aid 
of Generalized Biperiodic Fibonacci and lucas sequence. 

II. THE DIOPHANTINE EQUATION  

 
𝒙𝒙𝟐𝟐 − (𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)𝒚𝒚𝟐𝟐 − (𝟒𝟒𝟒𝟒 + 𝟐𝟐)𝒙𝒙 + 𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)𝒚𝒚

− 𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃 − 𝟒𝟒𝟐𝟐 − 𝟒𝟒) = 𝟎𝟎 

Consider the Diophantine Equation 

E: 𝒙𝒙𝟐𝟐 − (𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)𝒚𝒚𝟐𝟐 − (𝟒𝟒𝟒𝟒 + 𝟐𝟐)𝒙𝒙 + 𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)𝒚𝒚 −
𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃 − 𝟒𝟒𝟐𝟐 − 𝟒𝟒) = 𝟎𝟎 (1) 

to be solved over 𝒁𝒁. It is no 
longer effortless to remedy and locate the nature 
and homes of the options of (1). So we apply a linear 
transformation 𝑇𝑇 to (1) to switch to a less 
complicated structure for which we can decide the integral 
solutions. 

Let  𝑇𝑇 = �𝑥𝑥 = 𝑢𝑢 + ℎ
𝑦𝑦 = 𝑣𝑣 + 𝑘𝑘  be the transformation for some ℎ, 𝑘𝑘 ∈

 𝑍𝑍.  In this case ℎ, 𝑘𝑘 is called the base of T and is denoted by 
𝑇𝑇[ℎ;𝑘𝑘] = {ℎ, 𝑘𝑘}. Applying 𝑇𝑇 to 𝐸𝐸, we get 

𝑻𝑻(𝑬𝑬) = 𝑬𝑬�: (𝒖𝒖+ 𝒉𝒉)𝟐𝟐 − (𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)(𝒗𝒗 + 𝒌𝒌)𝟐𝟐

− (𝟒𝟒𝟒𝟒 + 𝟐𝟐)(𝒖𝒖 + 𝒉𝒉) + 𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃)(𝒗𝒗
+ 𝒌𝒌) − 𝟒𝟒(𝒂𝒂𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃 − 𝟒𝟒𝟐𝟐 − 𝟒𝟒) = 𝟎𝟎 
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equating the coefficients of 𝑢𝑢 and 𝑣𝑣 to zero, we get ℎ =  2𝑐𝑐 +
 1 and 𝑘𝑘 =  2. Hence for 𝑥𝑥 =  𝑢𝑢 +  2𝑐𝑐 +  1 and 𝑦𝑦 =  𝑣𝑣 +
 2, we have the Diophantine equation 

𝑃𝑃�: 𝑢𝑢2 − (𝑎𝑎2𝑏𝑏2 + 𝑏𝑏)𝑣𝑣2 = 1   
      (2) 

which is a Pell equation. 

The following Corollaries are used to conclude our main 
theorems. 

Corollary 2.1 Let 𝑥𝑥1 + 𝑦𝑦1√𝐷𝐷 be the fundamental solution to 
the equation 𝑥𝑥2 − 𝐷𝐷𝑦𝑦2 = 1. Then all positive integer 
solutions to the equation 𝑥𝑥2 − 𝐶𝐶𝑦𝑦2 = 1 are given by  

𝑥𝑥𝑛𝑛 + 𝑦𝑦𝑛𝑛√𝐷𝐷 = �𝑥𝑥1 + 𝑦𝑦1√𝐷𝐷�
𝑛𝑛

 

with 𝑛𝑛 ≥ 1. 

Corollary 2.3 Let 𝐷𝐷 = 𝑎𝑎2𝑏𝑏2 + 𝑏𝑏. Then the continued 
fraction expansion of  √𝐷𝐷, are given by  

√𝐷𝐷 = �
�𝑎𝑎𝑏𝑏, 2𝑎𝑎, 2𝑎𝑎𝑏𝑏����������� 𝑖𝑖𝑖𝑖 𝑡𝑡 > 1
[𝑎𝑎. 2𝑎𝑎����]            𝑖𝑖𝑖𝑖 𝑡𝑡 = 1

 

Corollary 2.4 Let 𝐷𝐷 = 𝑎𝑎2𝑏𝑏2 + 𝑏𝑏. Then the fundamental 
solution of the equation 𝑥𝑥2 − 𝐷𝐷𝑦𝑦2 = 1 is given by 

𝑥𝑥1 + 𝑦𝑦1√𝐷𝐷 = (2𝑎𝑎2𝑏𝑏 + 1) + 2𝑎𝑎√𝐷𝐷 

Proof. 

The period length of the continued fraction expansion of 
√𝑎𝑎2𝑏𝑏2 + 𝑏𝑏  is 2, by Corollary 2.3. therefore, the fundamental 
solution of the equation 𝑥𝑥2 − 𝐷𝐷𝑦𝑦2 = 1 is 𝑝𝑝1 + 𝑞𝑞1√𝐶𝐶. Since 
𝑝𝑝1
𝑞𝑞1

= 𝑎𝑎𝑏𝑏 + 1
2𝑎𝑎

= 2𝑎𝑎2𝑏𝑏+1
2𝑎𝑎

, the proof follows.  

1. Main Theorems 

Theorem 3.1 Let 𝑎𝑎, 𝑏𝑏 > 0 and 𝐷𝐷 = 𝑎𝑎2𝑏𝑏2 + 𝑏𝑏. Then all 
positive solutions of the equation 

 𝑢𝑢2 − 𝐷𝐷𝑣𝑣2 = 1 are given by  

(𝑢𝑢, 𝑣𝑣) =

�2
2𝑛𝑛−1

𝑏𝑏𝑛𝑛
(𝑎𝑎𝑏𝑏)⌊𝑛𝑛⌋𝑞𝑞2𝑛𝑛 �𝑎𝑎, 𝑏𝑏, 1

4𝑎𝑎
, 1� , 2

2𝑛𝑛−1

𝑎𝑎𝑏𝑏𝑛𝑛
(𝑎𝑎𝑏𝑏)⌊𝑛𝑛⌋𝑖𝑖2𝑛𝑛 �𝑎𝑎, 𝑏𝑏, 1

4𝑎𝑎
��   

with 𝑛𝑛 ≥ 1. 

Proof. 

By Corollary 2.1, Corollary 2.2, and 2.4, all positive integer 
solutions of the equation 𝑢𝑢2 − 𝐶𝐶𝑣𝑣2 = 1 are given by 

𝑢𝑢𝑛𝑛 + 𝑣𝑣𝑛𝑛√𝐷𝐷 = �(2𝑎𝑎2𝑏𝑏 + 1) + 2𝑎𝑎√𝐷𝐷�
𝑛𝑛
 

with 𝑛𝑛 ≥ 1. Let 𝛼𝛼1 = (2𝑎𝑎2𝑏𝑏 + 1) + 2𝑎𝑎√𝐷𝐷  and 𝛽𝛽1 =
(2𝑎𝑎2𝑏𝑏 + 1) − 2𝑎𝑎√𝐷𝐷. Then, 

𝑢𝑢𝑛𝑛 + 𝑣𝑣𝑛𝑛√𝐷𝐷 = 𝛼𝛼1𝑛𝑛 and 𝑢𝑢𝑛𝑛 − 𝑣𝑣𝑛𝑛√𝐷𝐷 = 𝛽𝛽1
𝑛𝑛 

Thus, it follows that 

𝑢𝑢𝑛𝑛 =
𝛼𝛼1𝑛𝑛 + 𝛽𝛽1

𝑛𝑛

2
 and 𝑣𝑣𝑛𝑛 =

𝛼𝛼1𝑛𝑛 − 𝛽𝛽1
𝑛𝑛

2√𝐷𝐷
 

Let 

𝛼𝛼 =
𝑎𝑎𝑏𝑏 + √𝑎𝑎2𝑏𝑏2 + 4𝑎𝑎𝑏𝑏𝑐𝑐

2
 and 𝛽𝛽 =

𝑎𝑎𝑏𝑏 − √𝑎𝑎2𝑏𝑏2 + 4𝑎𝑎𝑏𝑏𝑐𝑐
2

 

Take  𝑐𝑐 = 1
4𝑎𝑎

, we get 

𝛼𝛼 =
𝑎𝑎𝑏𝑏 + √𝑎𝑎2𝑏𝑏2 + 𝑏𝑏

2
 and 𝛽𝛽 =

𝑎𝑎𝑏𝑏 − √𝑎𝑎2𝑏𝑏2 + 𝑏𝑏
2

 

Thus, 4𝛼𝛼2 = 𝑏𝑏�(2𝑎𝑎2𝑏𝑏 + 1) + 2𝑎𝑎√𝑎𝑎2𝑏𝑏2 + 𝑏𝑏� = 𝛼𝛼1 and 
4𝛽𝛽2 = 𝑏𝑏�(2𝑎𝑎2𝑏𝑏 + 1) − 2𝑎𝑎√𝑎𝑎2𝑏𝑏2 + 𝑏𝑏� = 𝛽𝛽1 

Therefore, we get,  

𝑢𝑢𝑛𝑛 =
�4𝛼𝛼2
𝑏𝑏 �

𝑛𝑛
+ �4𝛽𝛽2

𝑏𝑏 �
𝑛𝑛

2
=

22𝑛𝑛−1

𝑏𝑏𝑛𝑛
(𝛼𝛼2𝑛𝑛 + 𝛽𝛽2𝑛𝑛)

=
22𝑛𝑛−1

𝑏𝑏𝑛𝑛
(𝑎𝑎𝑏𝑏)⌊𝑛𝑛⌋𝑞𝑞2𝑛𝑛 �𝑎𝑎, 𝑏𝑏,

1
4𝑎𝑎

, 1�      by (2) 

and  

𝑣𝑣𝑛𝑛 =
�4𝛼𝛼2
𝑏𝑏 �

𝑛𝑛
− �4𝛽𝛽2

𝑏𝑏 �
𝑛𝑛

2√𝑎𝑎2𝑏𝑏2 + 𝑏𝑏
=

22𝑛𝑛−1

𝑏𝑏𝑛𝑛
𝛼𝛼2𝑛𝑛 − 𝛽𝛽2𝑛𝑛

𝛼𝛼 − 𝛽𝛽

=
22𝑛𝑛−1

𝑎𝑎𝑏𝑏𝑛𝑛
(𝑎𝑎𝑏𝑏)⌊𝑛𝑛⌋𝑖𝑖2𝑛𝑛 �𝑎𝑎, 𝑏𝑏,

1
4𝑎𝑎
�              by (1) 

Thus, (𝑢𝑢, 𝑣𝑣) =

�22𝑛𝑛−1𝑚𝑚⌊𝑛𝑛⌋𝑞𝑞2𝑛𝑛 �1,𝑚𝑚, 1
4𝑚𝑚

, 1� , 22𝑛𝑛−1𝑚𝑚⌊𝑛𝑛⌋𝑖𝑖2𝑛𝑛 �1,𝑚𝑚, 1
4𝑚𝑚
�� 

Corollary 3.1. The base of the transformation 𝑇𝑇 =

�𝑥𝑥 = 𝑢𝑢 + ℎ
𝑦𝑦 = 𝑣𝑣 + 𝑘𝑘  is the fundamental solution 

of (2) that is, 𝑇𝑇[ℎ; 𝑘𝑘] = {ℎ, 𝑘𝑘} = {𝑢𝑢1, 𝑣𝑣1}. 

Proof.  

We proved that (𝑢𝑢1,  𝑣𝑣1)  =  (2𝑎𝑎2𝑏𝑏 + 1, 2𝑎𝑎) is the 
fundamental solution of (2). Also we showed that ℎ =  2𝑐𝑐 +
 1 and 𝑘𝑘 =  2. Hence the result is clear. 

 

We see that (1) could be transformed into (2) using the 

transformation 𝑇𝑇 = �𝑥𝑥 = 𝑢𝑢 + ℎ
𝑦𝑦 = 𝑣𝑣 + 𝑘𝑘 
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Also we showed that 𝑥𝑥 =  𝑢𝑢 +  2𝑐𝑐 +  1 and 𝑦𝑦 =  𝑣𝑣 +  2. So 
we can retransfer all results 

from (2) to (1) by using the inverse of the transformation 𝑇𝑇 =

�𝑥𝑥 = 𝑢𝑢 + ℎ
𝑦𝑦 = 𝑣𝑣 + 𝑘𝑘 we can give the following main theorem. 

Theorem 3.2. Let (1) be the Diophantine equation. Then we 
give the following: 

1. The fundamental solution of (2) is (𝑥𝑥1,𝑦𝑦1)  =  (2𝑎𝑎2𝑏𝑏 +
2𝑐𝑐 +  2,2𝑎𝑎 + 2). 

2. For the sequence {(𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛)}𝑛𝑛≥1 = {(𝑢𝑢𝑛𝑛 + 2𝑐𝑐 + 1, 𝑣𝑣𝑛𝑛 + 2)} 
where {𝑢𝑢𝑛𝑛,𝑣𝑣𝑛𝑛} is the solution of (2). (𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛) is a solution of 
(1). So (1) has infinitely many integer solutions. 

III. CONCLUSION 

Diophantine equations are prosperous in variety. There is no 
ordinary approach to for discovering all viable options for 
Diophantine equations. The approach appears to be easy 
however it is very hard for attaining the solutions. 
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